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1. Introduction 
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2. Spin Hamiltonian , Methods of Simulation
and Energy Estimation 
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Ising Spin System with Three-Site Four-Spin and Four-Site Four-Spin Interactions
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Fig. 1 The GS spin structures S(a), S(b), S(c), S(d) and 
S(e) for the Ising spin system of S=1 with 
interactions J1, J3, J4 and anisotropy D. Open and 
closed circles denote SZ =1 and SZ =-1, respectively. �

�

3. Results of Simulation and Discussion

3.1  Phase Diagram of Ising Spin System 
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Fig. 2 Phase diagram of Ising spin system on two-
dimensional square lattice with exchange parameters 
x(J4//J1) in the range of –1.0 x 0.2 and y( J3//J1) in 
the range of –0.5 y 0.3. 
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3.2 Magnetic Properties of New Magnetic 
Phase P(e) on Ising Spin System 
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Fig. 3 Temperature dependence of <Sz> of the 
magnetic phase P(e) calculated by the MC 
simulation for fixed value of J4 (J4/J1=-0.8) and 
various values J3 of in the range of 0 J3/J1 0.2
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Fig. 4 Temperature dependence of <SiZ SjZ SkZ SlZ > of
the magnetic phase P(e) calculated by the MC 
simulation for fixed value of J4 (J4/J1=-0.8) and 
various values J3 of in the range of 0 J3/J1 0.2

       Fig. 5 Temperature dependence of CM of the magnetic phase 
P(e) calculated by the MC simulation for fixed value of 
J4 (J4/J1=-0.8) and various values J3 of in the range of 0.6
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Fig.6 The formation of spin structure S(e) 
calculated by the MC simulation for the 
interactions J3/J1=0.14 and J4/J1=-0.8 at (a) 
kBT/J1=2.2, (b) kBT/J1=1.0,  (c) kBT/J1=0.6 and (d)
kBT/J1=0.1. Open and closed circles, and dot 
denote SZ =1, SZ =-1 and SZ =0, respectively.

3.3 Magnetic Properties of Magnetic 
Phases P(b), P(c) and P(d) on Ising Spin 
System 
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Fig. 7 Temperature dependence of CM of the 
magnetic phases P(b) and P(d) calculated by the 
MC simulation for fixed value of J3 (J3/J1=-0.15)
and various values J4 of in the range of -0.4
J4/J1 0.2 
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Fig. 8 Temperature dependence of <SiZ SjZ SkZ SlZ > 
of the magnetic phase P(b) and P(d) calculated 
by the MC simulation for fixed value of J3 
(J3/J1=-0.15) and various values J4 of in the 
range of -0.4 J4/J1 0.2
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Fig. 9 The formation of spin structure S(b) 
calculated by the MC simulation for the 
interactions J3/J1=-0.15 and J3/J1=-0.1 at (a) 
kBT/J1=1.0, (b) kBT/J1=0.5,  (c) kBT/J1=0.1. Open 
and closed circles, and dot denote SZ =1, SZ =-1 and 
SZ =0, respectively.
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Fig.10 The formation of spin structure S(d) 
calculated by the MC simulation for the 
interactions J3/J1=-0.15 and J3/J1=-0.3 at (a) 
kBT/J1=1.0, (b) kBT/J1=0.5,  (c) kBT/J1=0.1. Open 
and closed circles, and dot denote SZ =1, SZ =-1 
and SZ =0, respectively.
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Fig. 11 Temperature dependence of CM of the magnetic 
phases P(c) and P(d) calculated by the MC simulation
for fixed value of J3 (J3/J1=-0.4) and various values J4 of 
in the range of -0.2 J4/J1 0.2

���� ���
��
��� ��� ���� <8� ��
�� ���������� 8���� ����

�����
����	� ���� ���� ��
�� � ���
� !
��� 
�������
����
J3/J1��:(.� ��	� J4/J1�:(,(� ���� ��
�� ����������� ���
kBTDJ1��(,�� �(:�� :(5� ��	� :(�� ���� ���!�� 
�� )
�(�>(�
)������
����� ���� ���
��
��� ��� ���� <8� ��
�� ����������
8�	�� ���� 
�����
����	� ���� ���� ��
�� � ���
� !
���

�������
���� J3/J1��:(.� ��	� J4/J1��:(,(� ���� ��
��
��������������kBTDJ1��(,���(:��:(5���	�:(���������!��
��
)
�(�.(� ;���� <8� ��
�� ����������� 8�#�� ��	� 8�	�� ������
�������#����
�������	�
����������
������������kBTDJ1��
�(,(� ���� ��
�� ����������� 8���� ��	� 8�	�� ����� ��!������
������ � ���

��� ��� ���� ��
��������� ��� kBTDJ1�� :(5� ��	�
�(:���������
��� (��

�

Fig. 12 Temperature dependence of <SiZ SjZ SkZ SlZ > 
of the magnetic phase P(c) and P(d) calculated by 
the MC simulation for fixed value of J3 (J3/J1=-
0.4) and various values J4 of in the range of -0.2
J4/J1 0.2
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Fig. 13 The formation of spin structure of S(c)
calculated by the MC simulation at (a) 
kBT/J1=1.2, (b) kBT/J1=1.0,  (c) kBT/J1=0.8,  (d)
kBT/J1=0.1. Open and closed circles, and dot 
denote SZ =1, SZ =-1 and SZ =0, respectively.
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Fig. 14 The formation of spin structure of S(d)
kBT/J1=1.0,  (c) kBT/J1=0.8,  (d) kBT/J1=0.1 Open 
and closed circles, and dot denote SZ =1, SZ =-1 
and SZ =0, respectively.

3.4 GS Spin Structures on X-axis (J3=0) 
and Y-axis (J4=0) 
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Fig. 15  (a) the GS spin structures on the boundary
(x-axis) and (b) the GS spin structure S(f) with 
reversed spin of Sz= 1 of the structure S(e).
Open and closed circles denote SZ =1and SZ =-1,
respectively. �
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Fig. 16 (a) GS spin structures on the boundary  (y-axis) 
and (b) the GS spin structure S(g) in the case of J4=0.
Open and closed circles denote SZ =1and SZ =-1,
respectively. �

4. Concluding Remarks 
�

�����������
��������
��������������
�����
��� ���
����
S=��!
�������#
�
������$�������
�������
���J1SizSjz�������
�������
����������
��
�������
���J3SizSjz

2Skz ������������
���
�������
�� 
�������
��� J4SizSjzSkzSlz� ��	� �� �
�����
���
��
������ � D,� ���� 
�����
���
��� �Sz��� ���� �������
��
����
������������SizSjzSkzSlz�� ��������
�
�������CM���	�
����<8���
������������������#�������������	�# �
�%
���
�����������&'��

����
��(�����
8�

��
�
��� ���� �������� �������� ��� �!��

	

���
����� �"����� ����
���� !�� 
� � ������	�� ���
�����!�E�

��� ����������	
����
�������������	����������������
���
��
�� � ���
� ��� 8��� !
��� 
�������
��� ����
������
J3/J1 ��	� J4/J1 !
������ �� �
�����
��� ��
������ � D�
���� �#��
��	� # � ���� &'� �

����
��(� ��
�� ������
	
����
�	��������	����	����������
������ �D(�����
���	
�
���� ��� ������ �����
�
��� ��	� ���� <8� ��
��
�����������	����

��	�# ���
��&'��

����
������!�
���	� �����
����� !
��� ������ ���������	� ���
� ����
��
���
���� ��� �����
��� ���� ���� ��
�� ���� ���
����
��
�������������!
�����!������ (�

�,� ����
�����
�� ������� I�	�� ��	� I���� !
��� ��!�<8�
��
�� ����������� � 8�	�� ��	� 8���� ���� ����	� 
�� ����
�����
��� ������ ��� 
�������
��� J4. ���� ��
���������
	����	������ ��� �Sz�� ��	� �SizSjzSkzSlz�� ���!�

�������
��� �#����� ������� 
�� ���� �������� ���
���������
����������<8���
������������8���(��

�>�� ���� #����
���� ��� ���� ��
��������� 	����	����� ���
CM� ��	� �SizSjzSkzSlz�� 
� � �������� ����� ���� ��
��
��	��
���������
������������8�	��
��
�������
	������
������������
�������������8�#����	�8���(

�.������<8� ��
�� ������������� ���� $��$
�� �J3�:�� 
�� ����
���������J4DJ1� ��D,�
������������	�# �����

$�����
��� 8�	�� ��	�8���(�2�� ���� ������ ���	�� ����<8� ��
��
������������� ����y��$
�� �J4�:�� 
�� �������������J3DJ1

��D.� 
�� ����������	� # � ���� 

$����� ��� 8���� ��	�
8���( ����������� ��
�� <8� ��
�� ���������� ���� ���
�����
���!
�������������8�	�(�

Refernces
�(� &(;��
��� J(3(� 9
��� � ��	� � =�#���� ;(� <�
��
����Phys. 

Rev.�B., 1071���64��(�
,(� +(�B(�;��!���Phys. Rev. B 4����0���64��(�
>(� 3(�B	������	�3(�2
�
����J(�Phys(�C 12��040���646�(�

Takashi Iwashita, Kakuko Uragami, Yui Ito, Yoshinori Muraoka



�

.(� �(��!���
�����	�7(�@� ���J(�Phys(�C 17��500���65.�(�
0(� +(+('������	�I(&(G�� ��J(�Phys. Rev(�7, 4267���64>�(��
1(� 3(&(;�%����JRep.Prog(�Phys(�>., 109���64��(�
4(� &(�=������ 3(�&(�A���
��� ��	� 3(�+(�+�����
�������Phys(�

Rev(�Lett(�45���>4���65:�(��
5(� B(K(&�&����� ��	� =(B(<� ���� Phys. Rev. A7, 1105�

��64>�(�
6(� 3(+(+�����
��������	�)(A('(F
����	� Phys. Rev(�G���(�35,

1442��640�(�
�:(�&(=������ 3(&(A���
��� ��	� B(� G��	��
���� Phys. Lett.�

62A, 449���644�(�
��(���(��!���
����=(�8�������(��
�	����	��(��	���%
��Physica 

B 284���,:>��,:::�(�
�,(� � �(� �!���
���� K(� @����

�� K(� <����� K(K���
�� ��	� �(�

�	���%
��J.Magn.Magn.Mater.  272�14,��,::.�(�
�>(� � �(� �!���
���� K(� @����

�� B(8�


���� B(7���%
��

�(K���
�� ��	� �(� �	���%
�� J.Magn.Magn.Mater.  
310�.>0��,::4�(�

�.(��(� �!���
��� ��	� 7(� @� ��� J(� Phys(� '��	���(�&������ 3��
5,04���66��(�

�0(��(��!���
����K(�@����

��K(�<�����B(8�


����K(K���
��
��	��(��	���%
��B
��
��������
��������I� �
�� 850��:44�
�,::1�(�
�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

Ising Spin System with Three-Site Four-Spin and Four-Site Four-Spin Interactions


